A recent experiment demonstrated four-wave mixing of wavepackets in a sodium Bose-Einstein condensate (Deng et al 1999 Nature 398 218). This was followed by a theoretical and numerical treatment of the experiment (Trippenbach et al 2000 Phys. Rev. A 62 02368). In the experiment, a short period of free expansion of the condensate, after release from the magnetic trap, was followed by a set of two Bragg pulses which created moving wavepackets. These wavepackets, due to nonlinear interaction and under phase-matching conditions, created a new momentum component in a four-wave mixing process. We propose simple mathematical models for this process. Next we suggest that, instead of exactly matching the frequencies as in the abovementioned experiments, we introduce a small mismatch in the energies, and therefore the frequencies ω. We show that such a small mismatch can compensate for the initial phases that are built on the condensate during free expansion. A physical explanation is offered. This compensation can improve the efficiency of fourwave mixing; in some cases even increasing it by a factor of 2. We also deal with the situation where two strong wavepackets are accompanied by a weak input beam applied as a seed both with and without a mismatch. Here the influence of the mismatch is less obviously beneficial. We also comment on recent work by Ketterle's group (Vogels et al 2002 Phys. Rev. Lett. 89 020401).
Introduction
Consider two light pulses, each created by a suitably situated pair of λ = 589 nm lasers, that are incident on a Bose-Einstein condensate (BEC) having zero mean momentum ( P 1 = 0) [1] . 3 Author to whom any correspondence should be addressed.
They will create two daughter waves by Bragg scattering. Their momenta will be P 2 and P 3 . Now these three waves in a single spin component medium can create a new wavepacket with momentum P 4 = P 1 + P 2 − P 3 by nonlinear mixing, provided the frequencies also satisfy ω 4 = ω 1 + ω 2 − ω 3 , where ω i = P 2 i /(2mh). The possibility of generating a new wavepacket in such a manner was considered by several authors theoretically [2] [3] [4] [5] [6] , and experimentally [1, 7] . Agreement between numerical and experimental results was very good [6] . In a different experiment, one of the three induced wavepackets was very weak and was applied as a seed [8] .
We will first consider the case of three wavepackets of comparable strength. We also propose a similar experiment in which the first of the phase-matching conditions is still satisfied, i.e.
but now there is a possibility of a mismatch
Mismatches such as the one proposed herein are well known in nonlinear optics and plasmas [9, 10] . In optical media, incoming waves can mix nonlinearly to produce a new wave in a nonlinear dispersive background, even when there is a mismatch. In the last reference of [9] we show how the third harmonic can be enhanced by a mismatch. However, the optical conservation laws differ from those in a BEC, since they follow from different dispersion relations ω( k). In nonlinear optics ω and k are related through the refractive index of the medium. This relationship, in addition to being nonlinear, may also depend on the direction of the wavevector. Fluids and plasmas each furnish several further possible scenarios [10] . In spite of the differences, the idea that matching frequencies need not be exact can be carried over from these fields to matter waves in BECs. This possibility has recently been mentioned in a different BEC context [8] . We will comment on this work further on. Our condensate has one spin component and so can be described by a single GrossPitaevskii equation
Here N T is the total number of atoms, | | 2 is proportional to the atomic number density and its spatial integral is one, U 0 = 4πh 2 a/m is the nonlinear interaction strength, m the atomic mass, a is a scattering length and V is a confining potential. (In all our calculations we used parameters corresponding to the NIST experiment [7] ; sodium atoms and trap frequencies of 59, 42 and 84 Hz.) At some initial time t = −t 1 , a compact ground state characterized by the wavefunction ( x, −t 1 ) will be created in V and centred around x = 0 with (0, −t 1 ) = m , the maximum value. Once this ground state is created at t = −t 1 , V is turned off. The development of ( x, t) is now described by equation (3) with V = 0. The amplitude varies only slightly, but the phase is substantially altered. We will come back to this later on. Subsequently, a set of Bragg pulses is applied at time t = 0 and two parts of the condensate begin to move. We can define a nonlinear interaction time
and another characteristic time, t COL . The latter is determined by the time it takes the first pair of wavepackets to separate (so they just touch and cease to overlap). In [7] it was shown that under the phase-matched condition we can always find a moving frame, in which all three wavepackets are moving with the same speed v (as long as ω = 0, otherwise it is assumed to be approximately true). Here we will additionally restrict our analysis to the case when all three velocities of wavepackets in the frame mentioned above are mutually perpendicular and wavepackets will move along two main axes of the harmonic trap. Generalization for other configurations is straightforward. If the harmonic trap is not spherical, as is usually the case, we can define Thomas-Fermi radii (r TF ) in all three directions. Taking r 0 for the shortest radius, we can define t COL = r 0 /v. We assume t COL > t NL , which was satisfied in all the experiments performed so far [7, 8] . Here we do not include losses of particles from the condensate due to elastic collisions [11] [12] [13] [14] . The number of particles in the condensate N T is therefore strictly conserved.
The initial condition immediately after application of the Bragg pulses at t = 0, can be approximated as being a composition of the BEC wavepackets, identical in shape to ( x, 0 − ) (up to the time t = 0 we apply free evolution only, t 1 is the time of free expansion of the condensate)
Here f i = N i /N T is the fraction of atoms in wavepacket i and
A new wavepacket with P 4 = P 1 + P 2 − P 3 will build up, thanks to the nonlinear interactions accounted for by the last term in the Gross-Pitaevskii equation (3) . After a while, there will be four wavepackets. Using the de Broglie relations,
with the initial conditions
Variation in i is assumed to be slow compared to that of the exponential in equation (5) . Four equations for this slow dependence are obtained from (3) and (5). However, we are mainly interested in the growth of 4 , assuming the initially given i (i = 1, 2, 3) to vary little in shape but to move apart. When V is turned off [11] , we have
This equation governs 4 creation in the presence of a frequency mismatch. We will use it as long as the pulses overlap, t < t COL . The last term describes elastic scattering of different wavepackets andσ is the cross section averaged over the angles. This scattering will deplete the emerging wavepackets, though losses caused thus are not of primary importance here, as they are negligible as long as the condition t COL > t NL is satisfied. We start with the simplest case of no mismatch and laser pulses applied immediately after the trap is turned off. In the Thomas-Fermi approximation the initial wavefunction of the condensate is
and 2 ( x, 0 − ) is zero when the right-hand side of equation (8) is nonpositive. In all our considerations w 1 is the largest such that r 0 = m /w 1 . Normalization demands 2 m = (
2/5 . Equation (7) can be approximated by
Here g(t) accounts for the gradual separation of the three wavepackets. We define it such that g(0) = 1 and g(t COL ) = 0. We have checked by numerics that the discarded terms in (7) are insignificant for our data. (For increased N T values and/or tighter traps they could come into play.)
Models
Assume that three wavepackets separate with velocities
where e i are unit vectors, and e x is in the direction of the shortest Thomas-Fermi radius of the trap. The rate of volume separation is initially slow, then speeds up, and then slows down again towards the end. To envisage this, stack three coins and then slowly separate them as indicated. However, this is not the whole story, as 2 ( x, 0 − ) is not uniform, but decreases from the centre to the edge. A good but simple model is given by
See figure 1 for comparison of our model with the numerically calculated overlap. This model was arrived at by trying various simple functions. The time dependence of equation (10) closely follows the numerically found curve, has almost exactly the same integral from t = 0 to t COL , and has the additional asset of being convenient for theoretical calculations. Integrating equation (9) we obtain for the time dependence up to separation
where
. The signal will be proportional
Thus, independently of the trap shape (trap frequencies in the numerator and denominator cancel out), we have
When the process is completed, t = t COL and according to our model we should find the fraction 0.274 Figure 2 leads us to expect decreasing accuracy with further calculations as N T becomes large. This is exclusively due to the depletion of the pair of conjugated wavepackets (1 and 2), which are losing atoms to wavepackets 3 and 4. Indeed, we see in figure 3 that the model of equation (12) checks out extremely well until N T becomes of the order of 10 6 atoms. The next step is to include the effect of a mismatch in equation (9) . This can be achieved by shortening P 3 which is along the y axis. Thus
The calculation of N 4 (t) is straightforward but somewhat cumbersome. We obtain (α = 0.5π/t COL ) where and n 1 = 1, n 2 = −1, n 3 = 3, n 4 = −3. figure 4 . As expected, our model is still successful as long as N T is not too large. However, checking models is all very well, but experimentalists are mostly interested in the total output N 4 (t COL )/N T . We therefore calculated the t = t COL limit of equation (14) . So as to avoid the large N T complications indicated above, we normalized the result to 1 at ω = 0. This should extend the validity of the model. We obtained
Note that S( ω, t) = S(− ω, t) as expected. A comparison of this model with numerics for a chosen ω is given in
Here is the exit phase ωt COL and 1 = 2 /π. This model is extremely successful (figure 5). As required, the expression on the right-hand side gives 1 as → 0 (more precisely it is 1 − 2 /30). For large values of , N 4 ∼ 9/(4 2 1 ) = 5.55 −2 .
Compensating for the drop
So far, nonzero ω values would seem to just decrease the fourth wave, and so to be undesirable. Figure 5 illustrates this model dependence compared to the result of a full numerical simulation based on the set of four equations like (7) . Until now, all that was known from simulations was that with the elapsing of time between turning off the trap and turning on the laser beams, N 4 (t COL ) was decreased (e.g. figure 8 of [6] ). However, when ω is allowed, we see that the maximum of N 4 ( ) is merely shifted and not decreased. Numerical calculations using a split step method as described in [6] , but now with a range of parameters, suggest that the shift is nearly linear in the delay time t 1 ; figure 5. The phase of (0) that develops as the BEC expands after the trap is turned off has been calculated by Castin and Dum (the amplitude varies little initially [15] ). For t 1 1/ω i (here 
w i is a trap frequency) which is the case for most of the experiments to date, their results can be approximated by
(alternatively this can be seen directly from equation (3)). Since 1 2 * 3 will bring this phase in once, it will appear once in an equation generalizing (13) . Numerical calculations suggest that the effect of the delay time t 1 is to add this entry phase to the exit phase in some sense.
To investigate this theoretically, we asked the following question: given a free-expansion time (known as a drop time) t 1 , between removal of the trap and application of the Bragg pulses, what value of ω gives the largest possible N 4 (t COL ) value? According to our formalism, this will be given by the variational equation
When is small, the calculation is straightforward as we only need to consider N 4 up to 2 . The variational calculation yields in this limit ω = 0.77t 1 /(t NL t COL ). However, the general solution involves a numerical calculation of the integral in equation (17). Figure 6 shows values of this integral on a contour plot in , t 1 space. We see that our value of ω is a good approximation for a wide range of parameters (as long as t 1 /t NL is not too large). Dots on the figure correspond to extrema found in numerical simulations using the Gross-Pitaevskii equation. They are situated very close to the theoretical ridge, once again confirming the validity of our model. Importantly, our mismatch can be chosen so as to compensate for the drop-induced phase, almost bringing N 4 back to its original, drop-free value.
In principle a similar phase develops after t 1 . This additional nonlinear phase was negligible in all the cases studied here. It might become important for longer t COL values. Presumably ω would then become larger than that given by our calculation. As our considerations were approximate, fine tuning may be needed. A doubling of the strength of the fourth wave can easily be achieved, see figure 5 . (This is the case for t 1 1500 µs for our choice of parameters.)
In principle, it should be possible to set up experiments in which coherent four-wave mixing in a BEC medium takes place in the presence of an induced frequency mismatch. Our approximate N 4 maximum for ωt COL = 3t 1 /(4t NL ) could be confirmed in the proposed experiment. We see from figures 5 and 6 that ω can be chosen so as to enhance the fourthwave density. To optimize this, ωt COL should balance the inevitable trap-induced phase phenomenon as closely as possible.
Two strong wavepackets and a seed
Suppose now that two of the initial wavepackets are of even strength and equal to
The number of atoms in the third wavepacket is just a tiny fraction of N T , given by N 3 (0). In place of equation (9) we now consider a pair of coupled equations Here we assume f 1 = f 2 ≈ 0.5, and g(t) models the separation of two wavepackets at the velocities v e x and −v e x . When ( x, 0) is given by equation (8), we find that once again g(t) equal to cos 3 (0.5πt/t COL ) is a good model ( figure 7 ). Now separating two coins will give an indication. Of course, the dynamics is not the same as for three initially identical Bragg wavepackets, but the normalized overlap function is practically identical. This can be seen in figure 1 .
Equation (18) can be simplified and the complex conjugate of the second equation taken so as to obtain a closed pair
as given by equation (8) . This pair of equations can be solved to give a general g(t) solution. Finally, for the total numbers of atoms in the two emergent wavepackets we obtain
where We see that this result is also independent of the details of the trap frequencies w i . A simple calculation in which x and t dependence following from the conditions of the experiment are ignored (g(t) ≡ 1, 2 ( x, 0) is assumed constant) suggests that a mismatch ω introduces the substitution
see [8] . Thus, when the expression under the square root becomes negative, the hyperbolic functions are replaced with trigonometric functions. The behaviour at zero is singular. An improvement on this is a two-timescale calculation yielding the substitution
in the argument of the hyperbolic functions. Again, when the expression under the square root is negative, the hyperbolic functions are replaced by trigonometric functions. This expression is free of the artificial singularity that would be introduced by equation (21) (21) for a mismatch).
Summary
In conclusion, we have found a theoretical model for the four-wave mixing process as described in [7] . Next we found a compensation mechanism for the drop-phase depletion of this process.
The mechanism is roughly as follows: the free expansion diminishes the mixing efficiency due to the evolving spatial distribution of the internal kinetic energy within the wavepacket, which leads to a stronger phase evolution in the centre than near the surface. After the Bragg pulses are applied, the parent condensate is split into three daughter wavepackets, which carry off the parent phase structure. In the mixing process these daughter wavepackets move relative to each other. The centre of the overlapping region, where the fourth wave is born, is moving towards a section of diminishing phase. This causes an additional time dependence of the source term on the right-hand side of (7) or (13) . Our mismatch compensates for this, and as our numerics clearly document, consequently improves the efficiency of the new, fourthwavepacket generation. From a mathematical point of view, by introducing artefacts such as separating time and space dependence in the differential equations governing the dynamics of wavefunctions, successful models for two related but different four-wave mixing processes have been formulated. When three strong waves mixed so as to create a fourth, the appropriate model can be used to increase the resulting number of atoms N 4 . This can be achieved by tailoring the mismatch to the drop; in effect compensating for the negative influence of the phase generated during free evolution of the condensate.
When two wavepackets and a seed produce two new macroscopic waves, our model including mismatch improves that of Vogels et al [8] . Practical implications, such as a means of strengthening N 3 and N 4 , are less obvious, but will be considered in a later paper. Elastic collision loss has been ignored throughout. Its influence will be considered in a forthcoming paper [16] .
